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The cross sections for the deep sub-barrier fusion reaction of light nuclei are calculated within
the theoretical framework of the selective resonant tunneling model. In this model, assumption of a
complex square-well nuclear potential is invoked to describe the absorption inside the nuclear well.
The theoretical estimates for these cross sections agree well with the experimentally measured values.
The features of the astrophysical S-factor are derived in terms of this model. Present formalism
appears to be particularly useful for the low energy resonant reactions between two charged nuclei.
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I. INTRODUCTION
The nuclear reactions play a major role [1–3] in deter-
mining the structure of main-sequence stars, giant stars,
supergiants, pre-supernovae and compact stars like white
dwarfs and neutron stars and their evolution and nucle-
osynthesis they undergo as well as in various observa-
tional manifestations. Depending upon the density and
temperature along with other parameters, stellar burning
is likely to involve many reactions of different kind and
involving nuclei from light to heavy and from stable to
unstable neutron or proton rich. The rates of these reac-
tions can be calculated from the reaction cross sections σ
by averaging over a Maxwell-Boltzmann distribution of
energies. The Maxwellian-averaged thermonuclear reac-
tion rate < σv > at some temperature T , is given by the
following integral [4]:
< σv >=
[ 8
piµ(kBT )3
]1/2 ∫
σ(E)E exp(−E/kBT )dE,
(1)
where E is the centre-of-mass energy, v is the relative ve-
locity and µ is the reduced mass of the reactants. At low
energies (far below Coulomb barrier) where the classical
turning point is much larger than the nuclear radius, bar-
rier penetrability can be approximated by exp(−2piζ) so
that the charge induced cross section can be decomposed
into
σ(E) =
S(E) exp(−2piζ)
E
(2)
where S(E) is the astrophysical S-factor and ζ is the
Sommerfeld parameter, defined by ζ = Z1Z2e
2
h¯v where Z1
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and Z2 are the charges of the reacting nuclei in units
of elementary charge e. Except for narrow resonances,
the S-factor S(E) is a smooth function of energy, which
is convenient for extrapolating measured cross sections
down to astrophysical energies. In the case of a narrow
resonance, the resonant cross section is generally approx-
imated by a Breit-Wigner expression whereas the neu-
tron induced reaction cross sections at low energies can
be given by σ(E) = R(E)v [5] facilitating extrapolation of
the measured cross sections down to astrophysical ener-
gies, where R(E) is a slowly varying function of energy
[6] and is similar to S-factor.
The nuclear fusion reactions at very low energies plays
important role in nucleosynthesis of light elements in big
bang nucleosynthesis as well as inside the stellar core.
The fusion cross section is also one of the most impor-
tant physical quantity required for both design and re-
search in fusion engineering. Nuclear fusion reaction in
the energy range of ∼1eV to few keV can be explained
successfully by the phenomenon of quantum mechanical
tunneling through Coulomb barrier of interacting nuclei.
In the present work, a simple square-well potential model
with an imaginary part has been used to describe the nu-
clear fusion reaction of light nuclei where the real part of
the potential is mainly derived from the resonance energy
while the imaginary part is determined by the Gamow
factor at resonance energy. This complex square-well nu-
clear potential describes the absorption inside the nu-
clear well. The energy dependence of the cross sections
and astrophysical S-factors for the deep sub-barrier fu-
sion reactions of light nuclei have been calculated using
this model.
II. THEORETICAL FRAMEWORK
In case of the light nuclei fusion, treating the reso-
nant tunneling through the Coulomb barrier as a two-
step process, that is, first tunneling and then decay, fails
2to provide an adequate description. Such a oversimpli-
fied one-dimensional model [7], based on the assumption
of decay being independent of tunneling, does not depict
the true picture of the physical process. In reality, when
the wave function of the system of two colliding nuclei
penetrates the barrier, inside the nuclear potential well
it reflects back and forth. These reflections inside the
nuclear well is completely neglected in the one dimen-
sional model where the wave suffers no reflection while
penetrating the barrier. In the case of α-decay as well,
the outgoing α-particle will encounters no reflection after
penetrating the barrier in a three dimensional model [8].
While the decay of the penetrating nuclei terminates the
bouncing motion inside the nuclear well, if nuclear reac-
tion happens quick enough the wave function will have
no time to execute this bouncing motion. In other words,
the short lifetime of the penetrating wave may forbid res-
onant tunneling. This is because of the fact that there
will be not enough bouncing motion to built up, inside
the nuclear well, the wave function in terms of construc-
tive interference. The tunneling and decay can no longer
be independent in light nuclear fusion process and need
to be combined as a selective process.
The lifetime effect on the resonant tunneling can be
best achieved by introducing an imaginary part into the
nuclear interaction potential. The complex nuclear po-
tential has been shown to describe successfully the res-
onant tunneling effects in deep sub-barrier fusion using
a three dimensional model for wide range of energies [9–
11]. It is precisely, overcoming of the Gamow tunneling
insufficiencies by maximizing a damp-matching resonant
tunneling. When a light nucleus is injected into another,
the reduced radial wave function ψ(r) describing the rel-
ative motion can be related to the full wave function
Φ(r, t) = 1√
4pir
ψ(r) exp(−iEh¯ t). The full wave function
Φ(r, t) represents the solution of the general Schro¨dinger
equation for the system. The reaction cross section in
terms of the phase shift δ0 due to the nuclear potential
(in low energy limit only s-wave contributes) is given by
σ = pik2 [1 − |η|
2] where η = e2iδ0 and k =
√
2µE
h¯2
is the
wave number for relative motion between the reacting
nuclei. In the three dimensional calculation, nuclear po-
tential being complex, the corresponding phase shift δ0
is complex and is given by [11]
cot(δ0) =Wr + iWi (3)
where instead of conventional phase shift δ0, a new pair
of parameters, Wr and Wi, the real and the imaginary
parts of the cotangent of phase shift have been intro-
duced. Consequently, the reaction cross section for the
s-wave given by σ = pik2
(
1− |e2iδ0 |2
)
can be rewritten as
σ =
pi
k2
{
−
4Wi
(1−Wi)2 +W 2r
}
(4)
=
( pi
k2
)( 1
χ2
){
−
4ωi
ω2r + (ωi −
1
χ2 )
2
}
where χ2=
{
exp( 2pikac )−1
2pi
}
and 1/χ2 is the Gamow pene-
tration factor, ω = ωr + iωi = W/χ
2 = (Wr + iWi)/χ
2
and ac = h¯
2/µZ1Z2e
2 is the length of Coulomb unit.
It is evident that the cross section reaches its maximum
when Wr = 0 and Wi = −1 and Wr = 0 corresponds
to the condition for resonance. Thus the condition for
resonance is Re(δ0) = (2n+1)pi/2 where n is an integer.
The dimensionless quantity Sr(E) given by
Sr(E) =
{
−
4ωi
ω2r + (ωi −
1
χ2 )
2
}
(5)
provides an alternative expression for a dimensionless as-
trophysical S-function. The wave function inside the nu-
clear well is determined by two parameters, the real part
Vr and the imaginary part Vi of the nuclear potential.
The Coulomb wave function outside the nuclear well is
determined by two other parameters: the real and the
imaginary part of the complex phase shift (δ0)r and (δ0)i.
The pair of convenient parameters,Wr andWi, have been
introduced to make a linkage between the cross section
and the nuclear well so that it is easy to discuss the res-
onance and the selectivity in damping. The boundary
condition for the wave function can be expressed by its
logarithmic derivative which for the square well is given
by
R
[sin(Kr)]′
sin(Kr)
|r=R = KR cot(KR) (6)
and in the Coulomb field, it is given by
R
ac
{
1
χ2
cot(δ0) + 2
[
ln
(
2R
ac
)
+ 2A+ y(kac)
]}
(7)
so that
ωi = Wi/χ
2 = Im
[ac
R
(KR) cot(KR)
]
(8)
=
ac
R
{
γi sin(2γr)− γr sinh(2γi)
2[sin2(γr) + sinh
2(γi)]
}
ωr = Wr/χ
2 =
ac
R
{
γr sin(2γr) + γi sinh(2γi)
2[sin2(γr) + sinh
2(γi)]
}
− 2H
(9)
where K2 = 2µ
h¯2
[E − (Vr + iVi)], the real part Kr of
K and its imaginary part Ki are related by the equa-
tion Ki =
µ
Krh¯2
(−Vi), γ = (γr + iγi) ≡ (KrR + iKiR),
H =
[
ln
(
2R
ac
)
+ 2A+ y(kac)
]
, radius of the nuclear well
R = r0(A
1/3
1 + A
1/3
2 ), r0 is the radius parameter, A1
and A2 are the mass numbers of the reacting nuclei, Eu-
ler’s constant A = 0.5772156649 and and y(kac) is re-
lated to the logarithmic derivative of Γ function given as
y(x) = 1x2
∑∞
j=1
1
j(j2+x−2) −A+ ln(x). In the above rela-
tions k =
√
2µE
h¯2
is the wave number outside the nuclear
well.
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FIG. 1: Plots of cross-section as a function of lab energy
for p+D fusion reaction. The continuous line represents the
theoretical calculations while the hollow circles represent the
experimental data points.
III. METHODOLOGY OF THEORETICAL
CALCULATIONS
There are only two adjustable parameters, Vr and Vi,
in the selective resonant tunneling model. These are ad-
justed to meet the resonance peak and then it reproduces
the data points covering the entire range of energy. The
radius parameter r0 may be kept fixed or adjusted to
fine tune the calculations. In the present calculations, it
is slightly varied from one system to the other in order to
obtain better theoretical estimates. The fusion cross sec-
tions and the dimensionless astrophysical S-functions are
calculated using Eq.(4) and Eq.(5), respectively whereas
the astrophysical S-factors (in units of keV-barn) can be
calculated using Eq.(4) in Eq.(2).
IV. RESULTS AND DISCUSSION
The present formalism has been used to calculate
the fusion cross-sections for D+D, D+T, D+3He, p+D,
p+6Li and p+7Li. While the first three [9–13] of these
fusion reactions have been done in past with a completely
different motive of fusion power production, the rest have
been explored in the present work with an intention to
use all these six reactions for astrophysical purposes. For
the D+D, D+T and D+3He, we use the same Vr, Vi and
R from Refs. [13], [13] and [12], respectively. For the
rest of the fusion reactions, Vr and Vi are adjusted to
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FIG. 2: Plots of cross-section as a function of lab energy for
p+6Li fusion reaction. The continuous line represents the
theoretical calculations while the hollow circles represent the
experimental data points.
meet the position and magnitude of the resonance peak
in the fusion cross-section. The radius parameter r0 (or
equivalently the radius of the nuclear well R defined af-
ter Eq.(9)) has been further adjusted to fine tune so that
the calculations reproduces the experimental data points
covering the entire range of energy.
The results of the present calculation for cross sec-
tions of for D+D, D+T, D+3He fusion reactions have
been shown to compare well [14] with experimental data
as well as those calculated using the three and five pa-
rameter fitting formulas of Ref.[13]. The results of the
cross-section calculations for D+D, D+T, D+3He fusion
reactions are available in Ref.[13], Ref.[13] and Ref.[12],
respectively and the magnitudes of Vr, Vi and r0 for
these three cases are, respectively, −48.52 MeV, −263.27
keV, 2.778 fm, −40.69 MeV, −109.18 keV, 1.887 fm and
−11.859 MeV, −259.02 keV, 3.331 fm. The results of the
cross-section calculations for p+D, p+6Li and p+7Li fu-
sion reactions are shown in Figs.1-3, and the magnitudes
of Vr, Vi and r0 for these three cases are, respectively,
−55.0 MeV, −0.0235 keV, 1.177 fm, −44.25 MeV, −7.5
MeV, 1.180 fm and −85.0 MeV, −395.0 keV, 1.330 fm. It
is interesting to note that the magnitude of Vi for fusion
of p+6Li is about twenty times larger compared to that
of p+7Li. The reason may be attributed to extremely low
lifetime of 8Be inhibiting its formation. The experimental
data [15] and the quantum-mechanical calculations show
very good agreement. In similar works, new three param-
eter formula describes well the low energy behavior of the
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FIG. 3: Plots of cross-section as a function of lab energy for
p+7Li fusion reaction. The continuous line represents the
theoretical calculations while the hollow circles represent the
experimental data points.
fusion cross-section for light nuclei [16, 17]. The results of
present calculations for dimensionless S-functions, given
by Eq.(5), are shown in Figs.4-5. Somewhat, mismatch
with experimental data in case of p+D fusion reaction
may be due to lack of experimental data points and any
conclusion at this stage regarding drawback of resonance
tunneling model in case of heavier nuclei would be im-
proper. However, calculations of fusion cross sections for
reactions involving medium and heavy nucleus-nucleus
systems do need, altogether, a completely different ap-
proach [18].
V. SUMMARY AND CONCLUSION
In the deep sub-barrier fusion of light nuclei, the nu-
clear resonance selects not only the frequency or the en-
ergy level but also the damping that causes nuclear reac-
tion. When the resonance occurs, the selectivity becomes
very sharp. In such selective resonant tunneling processes
the neutron-emission reaction is suppressed. The process
of fusion of light nuclei at very low energies can recall the
phase factor of the wave function describing the system.
The imaginary part in the square well potential describes
the formation of compound nucleus [19] formed by the fu-
sion process, but there are not enough collisions to justify
the assumptions for compound nucleus model in case of
light nuclei. There is no such independent decay process
in the light nuclei. In the compound nuclear model, re-
action is assumed to proceed in two steps: first fusing
to form the compound nucleus followed by its decay. In
the present calculations that deal with selective resonant
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FIG. 4: Plots of S-function as a function of lab energy for
D+D, D+T, D+3He fusion reactions.
tunneling, the tunneling probability itself depends upon
the decay lifetime and is a single step process of fusion of
two light nuclei. The agreement with the experimental
data for the deep sub-barrier fusion of light nuclei also
suggests that the tunneling proceeds in a single step. The
recent findings of halo nuclei [20] further strengthens the
fact that the nucleons can keep their features without
losing memory of the wave function while inside the well
of the strongly interacting nuclear region. However, the
situation is totally different from the astrophysical reac-
tions, since the weakly bound nature is essential in halo
nuclei, whereas a low level density plays an important
role in astrophysical reactions implying that the mech-
anism is different between halo nuclei and astrophysical
reactions for a nucleus to retain its identity inside the
barrier.
The complex potential causes absorption of the projec-
tile into the nuclear well. For over last few decades con-
trolled nuclear fusion research has been focused mostly
on D-T fusion since it has large fusion cross section com-
pared to that of D-D fusion reaction cross section by a
very large factor of the order of several hundred in spite
of both having almost the same Coulomb barrier. The
resonance of the D+T state near 100 keV is considered
as the reason for such a large cross section. A simple
square-well potential model with an imaginary part can
be used to describe the D+T nuclear fusion as well as
other very light nuclei fusion reactions. The D+D, D+T,
D+3He, p+6Li, p+7Li and p+D fusion reactions are of
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FIG. 5: Plots of S-function as a function of lab energy for
p+6Li, p+7Li and p+D fusion reactions.
astrophysical importance. It is interesting to notice that
while the real part of the potential is mainly derived from
the resonance energy, the imaginary part of the potential
is determined by the Gamow factor at resonance energy.
The good agreement between the experimental data and
the quantum-mechanical calculation suggests strongly of
selective resonant tunneling. The penetrating particle
keeps its memory of the phase factor of its wave func-
tion. The implication of this selective resonant tunneling
model can be further explored for other light nuclei fusion
reactions.
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